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We present the modified relative entropy of entanglement for multi-party systems by a given
relative density matrix which is spanned by a linear combination of the direct products of so-called
basis of relative density matrices and reduced density matrices for every party. For three qubit
system in a pure state we derive out the explicit and closed expression of our relative density matrix
which is a function of the components of the state vector of three qubits. Through computing the
modified relative entropy of entanglement of some important and interesting examples, we display
the main behaviors and elementary properties of the modified relative entropy of entanglement and
compare it with the generalized entanglement of formation. Moreover, we also propose an assistant,
as the upper bound, of the modified relative entropy of entanglement.
PACS: 03.65.Ud 03.67.-a
One of the most active subjects of quantum informa-
tion is quantum entanglement [1–3]. How to quantify it,
distill it, distribute it, product it, use it and so on. Some
open questions in these aspects still exist. For exam-
ple, the universal measures of many-particle system and
multi-party system entanglement, if one can be formu-
lated, would have many applications [4,5]. Aiming at this
problem, we had presented [6] the generalization of en-
tanglement of formation (GEF) which is consistent with
the regular definition of entanglement of formation (EF)
for bi-partite systems [7,8]. Moreover, for three qubit
system we derive out its explicit and closed expression
which is a linear combination of the binary entropy func-
tions with various arguments, and these arguments are
clearly determined in terms of the components of state
vector of three qubits. In this paper, we again focus on
it and present the modified relative entropy of entangle-
ment (MRE) for multi-party system [9].
Just is well known, the relative entropy of the state
ρ can be thought as a decent measure of entanglement
when the relative density matrix D is such one separable
state so that the relative entropy describes a minimum
distant among all of the disentangled states and the state
ρ [10]. However, one is short of a general algorithm to find
such a relative density matrix D and then computabil-
ity of relative entropy of entanglement (RE) is not good
enough for practical applications. In order to overcome
this difficulty and avoid the problem that EF seems to be
greater than the entanglement of distillation (DE) [10],
we propose MRE with a determined relative density ma-
trix which depends on the pure state decompositions [9].
The physical intuition to propose MRE is original from
organically combining the advantages of EF for the pure
states and RE for the mixed states and avoiding their
shortcomings as possibly. For bi-party systems, the ob-
vious expression of the relative density matrix for two
qubit systems was obtained, the general definition of the
relative density matrix for more qubit systems and the
constructive algorithm is also given in principle. How-
ever, for more than bi-party systems, the difficulty how to
find the relative density matrix still exists now. Although
this is a common open question almost for all measures
of entanglement, this problem should be fixed since the
important applications of entanglement for multi-party
systems. For this purpose, we assume, in a pure state
precondition, that the relative density matrix R in MRE
also can be taken in a “elongation line” from the state ρ to
disentangled states D, and the relative entropy S(ρ‖R)
generated by it is proportional to the relative entropy
S(ρ‖D). Our idea is presented in Fig.1.
FIG. 1. The geometric way to describe the modified rela-
tive entropy of entanglement for multi-party system
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It must be pointed out that R can not be chosen op-
tionally in the other place and this idea can not be used
to a mixed state because the relation between S(ρ‖D)
and S(ρ‖R) may be nonlinear, even not exist, and this
relation can not be known in general to us. According to
this scheme, we present MRE for multi-party systems.
First, let us recall to MRE in order to introduce our
notions. In our paper [6], we have obtained the relative
density matrix for two qubits in a pure state
RXY (ρ
P
XY ) =
2∑
j=1
q(j)(ρPXY )ρ¯
(j)
X (ρ
P
XY )⊗ ρ¯(j)Y (ρPXY ) (1)
The coefficients read
q1(ρ
P
XY ) =
1− ξ(ρPXY )
2
(2a)
q2(ρ
P
XY ) = 1− q1(ρPXY ) (2b)
and the basis matrices for X- and Y - party are
ρ¯
(1)
X (ρ
P
XY ) =
1
2
[
σ0 − ηX(ρPXY ) · σ
]
(3a)
ρ¯
(1)
Y (ρ
P
XY ) =
1
2
[
σ0 − ηY (ρPXY ) · σ
]
(3b)
ρ¯
(2)
X (ρ
P
XY ) = σ0 − ρ¯(1)X (ρPXY ) (3c)
ρ¯
(2)
Y (ρ
P
XY ) = σ0 − ρ¯(1)Y (ρPXY ) (3d)
where σ0 is 2× 2 identity matrix and σk (k = 1, 2, 3) are
usual Pauli Matrices and ηX and ηY are defined by
ηX,Y (ρ
P
XY ) =
ξX,Y (ρ
P
XY )
ξ(ρPXY )
(ξ(ρPXY ) 6= 0 (4a)
ηX(ρ
P
XY ) = ±ηY (ρPXY ) = {0, 0, 1} (ξ(ρPXY ) = 0) (4b)
where ξX and ξY are the polarized vectors of reduced
density matrices respectively for ρX and ρY , ξXY is their
norm. In Eq.(4b), the sign is taken as “+” if ρPXY =
(|00〉〈00| ± |11〉〈11|)/√2, and taken as “−” if ρPXY =
(|01〉〈01| ± |10〉〈10|)/√2. We called ρ¯(j)X (ρPXY ), ρ¯(j)Y (ρPXY )
as the basis of the relative density matrix in a pure
state ρPXY respectively for X-party and Y -party. If ρXY
is a mixed state with the pure state decompositions
ρMXY =
∑
i p
(i)
XY ρ
(i)
XY , then
EMRE(ρ
M
XY ) = min
{p(i),ρ(i)}∈D
S
(
ρMXY ||
∑
i
piR(ρ
(i)
XY )
)
= min
{p(i),ρ(i)}∈D
S
(
ρMXY ||RM
)
(5)
where R(ρ
(i)
XY ) is a relative density matrix corresponding
to the pure state ρ
(i)
XY . It must be pointed out that we
can not define directly the basis of relative density ma-
trix in terms of the polarized vectors of reduced density
matrices for a mixed state, but we have to find its pure
state decomposition corresponding to the minimum val-
ues of relative entropy and construct the relative density
matrix for a mixed state based on Eq. (5).
Now, we can consider the case for the tri-party system.
Based on the idea stated above, we present
Definition 1: For a tri-party system in a pure state,
MRE is defined by
EMRE(ρ
P
ABC) =
1
2
S(ρPABC‖RABC) (6)
where the proportional factor 1/2 comes from the need
that the maximum value of MRE is 1 for the three qubit
systems and the relative density matrix R is given by the
following theorem:
Theorem 1: In the case of the pure state ρPABC of three
qubits
|ψABC〉 = a|000〉+ b|001〉+ c|010〉+ d|011〉
+e|100〉+ f |101〉+ g|110〉+ h|111〉 (7)
the relative density matrix R in MRE can be taken as
RABC=
1
3
2∑
i,j=1
[
p
(i)
ABq
(j)(ρ
(i)
AB)ρ¯
(j)
A (ρ
(i)
AB)⊗ρ¯(j)B (ρ(i)AB)⊗ρC
+p
(i)
ACq
(j)(ρ
(i)
AC)ρ¯
(j)
A (ρ
(i)
AC)⊗ ρB ⊗ ρ¯(j)C (ρ(i)AC)
+p
(i)
BCq
(j)(ρ
(i)
BC)ρA⊗ρ¯(j)B (ρ(i)BC)⊗ρ¯(j)C (ρ(i)BC)
]
(8)
And, the coefficients in above equation read
p
(1)
AB = aa
∗ + cc∗ + ee∗ + gg∗ (9a)
p
(1)
AC = aa
∗ + bb∗ + ee∗ + ff∗ (9b)
p
(1)
BC = aa
∗ + bb∗ + cc∗ + dd∗ (9c)
p
(2)
XY = 1− p(1)XY (XY = AB,AC,BC) (9d)
While q(j)(ρ
(i)
XY ) are defined by Eqs.(2a-b), where
ρ
(1)
AB =
1
p
(1)
AB
(a|00〉+ c|01〉+ e|10〉+ g|11〉)
(a∗〈00|+ c∗〈01|+ e∗〈10|+ g∗〈11|) (10a)
ρ
(2)
AB =
1
p
(2)
AB
(b|00〉+ d|01〉+ f |10〉+ h|11〉)
(b∗〈00|+ d∗〈01|+ f∗〈10|+ h∗〈11|) (10b)
ρ
(1)
AC =
1
p
(1)
AC
(a|00〉+ b|01〉+ e|10〉+ f |11〉)
(a∗〈00|+ b∗〈01|+ e∗〈10|+ f∗〈11|) (10c)
ρ
(2)
AC =
1
p
(2)
AC
(c|00〉+ d|01〉+ g|10〉+ h|11〉)
(c∗〈00|+ d∗〈01|+ g∗〈10|+ h∗〈11|) (10d)
ρ
(1)
BC =
1
p
(1)
BC
(a|00〉+ b|01〉+ c|10〉+ d|11〉)
(a∗〈00|+ b∗〈01|+ c∗〈10|+ d∗〈11|) (10e)
2
ρ
(2)
BC =
1
p
(2)
BC
(e|00〉+ f |01〉+ g|10〉+ h|11〉)
(e∗〈00|+ f∗〈01|+ g∗〈10|+ h∗〈11|) (10f)
are the needed pure state decomposition. Obviously
ξ(ρ
(1)
AB) =
√
1− 4|ag − ce|2/
(
p
(1)
AB
)2
(11a)
ξ(ρ
(2)
AB) =
√
1− 4|bh− df |2/
(
p
(2)
AB
)2
(11b)
ξ(ρ
(1)
AC) =
√
1− 4|af − be|2/
(
p
(1)
AC
)2
(11c)
ξ(ρ
(2)
AC) =
√
1− 4|ch− dg|2/
(
p
(2)
AC
)2
(11d)
ξ(ρ
(1)
BC) =
√
1− 4|ad− bc|2/
(
p
(1)
BC
)2
(11e)
ξ(ρ
(2)
BC) =
√
1− 4|eh− fg|2/
(
p
(2)
BC
)2
(11f)
Thus, ρ
(j)
X (ρ
(i)
XY ) and ρ
(j)
Y (ρ
(i)
XY ), (i = 1, 2) can be con-
structed in terms of Eq.(3a-d).
This theorem can be proved from the properties of rel-
ative entropy. It is easy to obtain that
Corollary 1:
EMRE(ρ
P
ABC) ≤
1
6
[EMRE(ρAB) + EMRE(ρAC) + EMRE(ρBC)
+S(ρAB) + S(ρAC) + S(ρBC)
+S(ρA) + S(ρB) + S(ρC) + S(ρA)] (12)
≤ EGF (ρPABC) (13)
Therefore, the apparent maximum value of MRE is
not larger than one of GEF, that is 3/2 for the three
qubit systems. But, the actual maximum value of
MRE is 1. The strictly proof will expect to be ob-
tained in future. In fact, we find this maximum
value is saturated by all of four pairs of GHZ “cat”
states |φGHZ〉(±) = {(|000〉 ± |111〉)/√2, (|001〉 ±
|110〉)/√2,|010〉±|101〉)/√2, (|011〉±|100〉)/√2}. For 12
kinds of the extended Bell states |ψEBAB〉 = |φBAB〉 ⊗ |χC〉,
|ψEBAC 1〉 = (|0〉A|χB〉|0〉C ± |1〉A|χB〉|1〉C)/
√
2,|ψEBAC 2〉 =
(|0〉A|χB〉|1〉C±|1〉A|χB〉|0〉C)/
√
2,|ψEBBC〉 = |χA〉⊗|φBBC〉,
MRE are (1/2) log2 3. While for all the separable states,
it is easy to see that their MRE are zero, that is equal
to its minimum values. In general cases, we can see
MRE has indeed good behaviors and qualifies correctly
the nature of entanglement. For example, for the GHZ-
like state a|000〉+h|111〉, b|001〉+ g|110〉, c|010〉+ f |101〉
and d|011〉+e|100〉, the improved entanglement entropies
are respectively equal to the binary entropy functions
H(aa∗) = H(hh∗), H(bb∗) = H(gg∗), H(cc∗) = H(ff∗)
and H(dd∗) = H(ee∗). Here the definition of the binary
entropy function H(x) is
H(x) = −x log2 x− (1− x) log2(1 − x) (14)
The results are just what we expect. For the state
|ψABC〉 = x
3
|000〉+
√
2− x2
3
|001〉+ 1
3
|010〉
+
1√
6
|101〉+ 1√
6
|110〉+ 1√
3
|111〉 (15)
when x varies from 0 to
√
2, we can compute its MRE
which is displayed in the following Fig.1
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FIG. 2. The first curve is GEF, the second curve is the
assistant of MRE, and the third curve is MRE.
The relations among three kinds of measures of entan-
glement, GEF, MRE and assistant of MRE which will
be defined a little latter, are clearly showed in this fig-
ure. In special, we can see that MRE for our state (15)
is different an approximate constant from GEF. Perhaps
this fact is not an accident and the deep mathematical
theorem might hide behind it. This is very interesting
open question. Of course, this also implies that our idea
is reasonable.
The extension to the mixed state is given in according
to the familiar idea [1,7]. That is:
Definition 2: For a mixed state ρMABC with the pure
state decompositions ρMABC =
∑
i p
(i)
ABCρ
(i)
ABC , then
EMRE(ρ
M
ABC) =
1
2
min
{p(i),ρ(i)}∈D
S
(
ρMABC ||
∑
i
p
(i)
ABCR(ρ
(i)
ABC)
)
=
1
2
min
{p(i),ρ(i)}∈D
S
(
ρMABC ||RM
)
, (16)
where R(ρ
(i)
ABC) is a relative density matrix corresponding
to the pure state ρ
(i)
ABC .
We can further suggest the definition of MRE for multi-
party systems.
Definition 3: For a n-party system in a pure state, its
MRE is defined by
EMRE(ρ
P
A1A2···An) = knS(ρA1A2···An‖RA1A2···An) (17)
where the proportional coefficient is
kn =

[n/2]∑
α=1
n!
α!!(n− 2α)!



[n/2]∑
α=1
n!(n− α)
α!!(n − 2α)!


−1
(18)
3
and the relative density matrix RA1A2···An has the form
RA1A2···An =

[n/2]∑
α=1
n!
α!!(n− 2α)!


−1
[n/2]∑
α=1
n∑
sk,tk=1(k=1,···,α)
s1<s2<···<sα
sk<tk(k=1,···,α)
α∏
k=1

 nsktk∑
isktk=1
2∑
jsktk=1
p
(isktk )
AskAtk
q(jsktk )
(
ρ
(isktk )
AskAtk
)
n⊗
m=1
rAm
∣∣∣∣∣∣∣∣∣rAsk =ρ
(jsktk
)
Ask
(
ρ
(isktk
)
Ask
Atk
)
,(k=1,···,α)
rAtk
=ρ
(jsktk
)
Atk
(
ρ
(isktk
)
Ask
Atk
)
,(k=1,···,α)
rAm
=ρAm
(m 6=sk,tk, k=1,···,α)
(19)
Here we have assumed that the pure state decomposi-
tion of ρAskAtk which leads S(ρAskAtk |RAskAtk ) to be the
minimum has the form
ρAskAtk =
nsktk∑
isktk=1
p
(isktk )
AskAtk
ρ
(isktk )
AskAtk
(20)
While ρAm are the reduced density matrices for Am-party
and ρ¯
(isktk )
Ask
and ρ¯
(isktk )
Atk
are basis of relative density ma-
trix with respect to ρ
(isktk )
AskAtk
which is defined in Eq. (3a-
d). For bi- and tri-party systems in the pure states, it
backs to our standard definitions. In order to understand
clearly the physical meaning of MRE, we introduce
Definition 4: The assistant of MRE is defined by
EAIR(ρ
P
A1A2···An) =

[n/2]∑
α=1
n!(n− α)
α!!(n− 2α)!


−1
[n/2]∑
α=1

(n− 2)!
(α− 1)!!(n− 2α)!
n∑
k1,k2=1
k1<k2
[
EMRE(ρAk1Ak2 ) + S(ρAk1Ak2 )
]
+
(n− 2α)(n− 1)!
α!!(n − 2α)!
n∑
m=1
S(ρAm)
}
(21)
Obviously, its apparently maximum value is nkn. It is
easy to prove that
Theorem 2:
EMRE(ρ
P
A1A2···An) ≤ EAIR(ρPA1A2···An) (22)
It can be proved in terms of joint convexity of relative
entropy. Thus MRE has an apparently maximum value
nkn, and its minimum value is 0.
Again, by use of the familiar idea we have the extension
Definition 5: For a n-party system in a mixed state, its
MRE is defined by
EMRE(ρ
M
A1A2···An) = knminD
S(ρMA1A2···An‖RMA1A2···An) (23)
RMA1A2···An =
∑
i
p
(i)
A1A2···An
R
(i)
A1A2···An
(24)
where the set D includes all the possible decompositions
of pure states and RA1A2···An(ρ
(i)
A1A2···An
) is chosen in ac-
cording to Eqs.(19).
We have finished the generalization of MRE for multi-
party system in this paper. For three qubit system in a
pure state we derive out the explicit and closed expression
of our relative density matrix which is a function of the
components of the state vector of three qubits. Although
it is still very difficulty to find a minimum pure state de-
composition for a mixed state, at least for three qubits
systems in the pure states, we have obtained the quan-
titative result of entanglement of multi-party systems.
Together with GEF proposed by us [9], more knowledge
about entanglement will be found in future.
The one of main advantages of our MRE is that one
can finds a determined relative density matrix in terms of
a given algorithm (maybe restricted to qubits) and then
compute the value of MRE. Moreover, we propose the
assistant, as the upper bound, of MRE which is helpful
to understand MRE. However, we pay some prices in two
aspects. One is that we have to find the pure state de-
compositions for a mixed state. It seems to us it is not
more difficult than to find a relative density matrix in a
huge set of all disentanglement state because the former
is to find a decomposition from a given state, but the
latter is to find a state from an infinity set of states. The
other is that we extend the definition of RE by adding
a factor based on our physical idea. From its geometric
description Fig.1, our idea is simple and natural. In addi-
tion, based the fact that MRE significantly decrease the
dependence and sensitivity on the pure state decompo-
sitions at least for some interesting states for two qubit
system, we also hope that this advantage of MRE can be
kept for multi-systems.
This research is on progressing.
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